arXiv:math/9706215vl [math.MG] 30Junl997 


A general geometric construction for affine 
surface area 

Elisabeth Werneifl 


Abstract 

Let A be a convex body in i?" and B be the Euclidean unit ball in 
7?”. We show that 


limt^o 


1^1 - \Kt\ 
\B\-\Bt\ 


as{K) 
as{B) ’ 


where as(K) respectively as{B) is the affine surface area of K respectively 
B and {Kt}t>o, {t3t}t>o are general families of convex bodies constructed 
from K, B satifying certain conditions. As a corollary we get results 
obtained in [M-W], [Schm],[S-W] and[W]. 


The affine surface area as{K) was introduced by Blaschke [B] for convex 
bodies in with sufficiently smooth boundary and by Leichtweiss [LI] for 
convex bodies in i?" with sufficiently smooth boundary as follows 

as{K) = / k{x) diJ,{x), 

JdK 

where k,{x) is the Gaussian curvature in x G dK and /i is the surface measure on 
dK. As it occurs naturally in many important questions, so for example in the 
approximation of convex bodies by polytopes ( see the survey article of Gruber 
[Gr] and the paper by Schiitt [S]) or in a priori estimates for PDEs [Lu-0], one 
wanted to have extensions of the affine surface area to arbitrary convex bodies 
in i?" without any smoothness assumptions of the boundary. 

Such extensions were given in recent years by Leichtweiss [L2], Lutwak [Lu], 
Meyer and Werner [M-W], Schmuckenschlager [Schm], Schiitt and Werner [S-W] 
and Werner [W]. 
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The extensions of affine surface area to an arbitrary convex body K in i?" 
in [L2], [M-W], [Schm], [S-W] and [W] have a common feature: 
first a specific family {Kt}t>o of convex bodies is constructed. This family is 
different in each of the extensions [L2], [M-W], [Schm], [S-W] and [W] but of 
course related to the given convex body K. 

Typically the families {i^t}i>o are obtained from K through a “geometric” 
construction. In [L2] respectively [S-W] this geometric construction gives as 
{Kt}t>o the family of the floating bodies respectively the convex floating bodies. 
In [M-W] the geometric construction gives the family of the Santalo-regions, in 
[Schm] the convolution bodies and in [W] the family of the illumination bodies. 

The affine surface area is then obtained by using expressions involving vol¬ 
ume differences \K\ — \Kt \ respectively \Kt \ — \K\. 

Therefore it seemed natural to ask whether there are completely general 
conditions on a family {Kt}t>o of convex bodies in i?" that (in connection with 
volume difference expressions) will give us affine surface area. We give a positive 
answer to this question which was asked - among others - by A. Pelczyhski. 


Throughout the paper we shall use the following notations. 

B{a,r) = B^{a,r) is the n-dimensional Euclidean ball with radius r centered 
at a. We put B = B{0, 1). By ||.|| we denote the standard Euclidean norm on 
i?", by <■,■ > the standard inner product on i?". Eor two points x and y in i?" 
[x, y] = {ax -I- (1 — a)y : 0 < a < 1} denotes the line segment from x to y. For 
a convex set C in i?" and a point x S RJ^ \ C, co[a;, C] is the convex hull of x 
and C. 

1C denotes the set of convex bodies in i?". For K € 1C, int(Ar) is the interior of 
K and OK is the boundary of K. For x S dK, N{x) is the outer unit normal 
vector to dK in x. We denote the n-dimensional volume of K by vol„(A') = \K\. 
Let K G 1C and x G dK with unique outer unit normal vector N{x). We say that 
dK is approximated in a; by a ball from the inside (respectively from the outside) 
if there exists a hyperplane H orthogonal to N{x) such that H flint (AT) ^ 0 and 
a Euclidean ball i3(r) = B{x—rN{x),r) (respectively i?(i?) = B{x—RN{x),R)) 
such that 

B{r)r\H+ CKr\H+ 


respectively 


Kr\H+ C B{R)r^H+. 


Here iJ'*' is one of the two halfspaces determined by H. 
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Definition 1 


For t > Q, let Tt '■ 1C ^ K., K i—!■ lFt{K) = Kt, be a map with the following 
properties 

(i) Kq = K and 

either Kt C K for all t > 0 and Tt is decreasing in t (that is Kt^ C Kt^ if 
ti > t2) 

or K C Kt for all t > 0 and Tt is increasing in t. 

(a) For all affine transformations A with detA 0, for all t 


iMK)\detAlt = MKt). 


(Hi) For all t > 0, Bt is a Euclidean hall with center 0 and radius fi(f) and 
limt^Q\ -5-1 = c, 

t— 

where c is a constant (depending on n only). 

(iv) Let X S dK he approximated from the inside by a ball B(r). 

If H+ n d{Kt) n 5(B(r)), ^ 0 for some s and t, then s < Ct where C is a 
constant (depending only on n). 

(v) Let e > 0 be given and x S dK be such that it is approximated from the 
inside by a ball B{p — e) and from the outside by a ball B{p + e). There exists 
a hyperplane H orthogonal to N(x) and to such that whenever 

r\d{Kt)nd{B{p-e))s fort<to, s = s{t), 

respectively 

r\^{Kt)r^^{B{p +e))s fort<to, s = s{t), 


then 

s < (1 + e)t 


respectively 


s > (1 — e)t. 
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Remarks 2 


(i) Note that the maps !Ft are essentially determined by the invariance prop¬ 
erty 1 (ii) and by their behaviour with respect to Euclidean balls. 


(ii) Let fr{t) be the radius of i?(0, r)^. 
Definition 1 (ii), (iii) that 


Then it follows immediately from 




r - frjt) 

l-/iW 


n-1 


7 - n + l ^ 


(iii) For some examples the following Definition 1' is easier to check than 
Definiton 1. 

Definition 1' 

(i) - (iii) as in Definition 1. 

(iv) ' If s < t, then Kt C int(iirs). 

(v) ' li K C L where L is a convex body in i?", then Kt C Lt for all t > 0. 

However not all the examples mentioned below satisfy (iv)' and (v)'. For 
instance the illumination bodies (defined below) do not satisfy (v)'. 


Examples for Definitions 1 and 1' 

1. The (convex) floating bodies [S-W] 

Let K he a convex body in i?" and t > 0. Ft is a (convex) floating body if 
it is the intersection of all half-spaces whose defining hyperplanes cut off a set 
of volume t of K. More precisely, for u G S'^~^ let a“ be defined by 

t = \{x G K :< u,x >> a“}|. 


Then 

Pt = n„gsn~i{a; G K :< u,x >< a“} 
is a (convex) floating body. 

The family {Ft}(>o satiesfies Definitions 1 and 1'. 

2. The Convolution bodies [K], [Schm] 

Let K he a symmetric convex body in i?" and t > 0. Let 
C{t) = {x G :\Kn{K+ x)\> 2t} 
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and 


Then {Ct}t>o satisfies Definitons 1 and 1'. 

3. The Santalo-regions [M-W] 

For t G R and a convex body K in i?" the Santalo-region S{K,t) of K is 
defined as 

\K\\K^\ 

SiK,t) = {xeK:L^^<t}, 

where = (iF — x)^ = {z € :< z,y — x > <1 for all j/ G iF} is the polar 

of K with respect to x. (We consider only these t for which S{K,t) ^ 0). 

Put 

St = S{K,^) = {x&K-.\K^\<\}. 

Then the family {S't}t >05 satisfies Definitions 1 and 1'. 

4. The Illumination bodies [W] 

Let K he a. convex body in i?" and t > 0. The illumination body R is the 
convex body defined as 

It = {x€ i?” : |co[a;,i^]\iF| < t}. 

Then the family {It}t>o satiesfies Definition 1. 


Theorem 3 

Let K be a eonvex body in i?". For all t > 0 let Kt respectively Bt be convex 
bodies obtained from K respectively B by Definition 1 or 1'. Then 


limt^o 


\K\-\Kt\ 
\B\ - \Bt\ 


as{K) 

as{B) 


Remark 

Note that 


as{B) = voln-i{dB) = n\B\. 
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Corollary 4 


fij [S-W] 

Let K be a convex body in i?" and for t > 0 let Ft be a floating body. Then 
limt^oc j^^ = as{K). 

f— 

where Cn = 2 
(a) [Sehm] 

Let K he a symmetric convex body in i?" and for t > 0 let Ct he a convolution 
body. Then 

limt^ocj-—^-^^^ = as{K). 

t— 

where c„ is as in (i). 

(ill) [M-W] 

Let K be a convex body in i?" and for t > 0 let St be a Santalo-region. Then 

Limt^oCn - 2 - =as[K). 

t~ 

where e^ = —. 

|B| "+i 

(Hi) [W] 

Let K be a convex body in i?” and for t > 0 let It be an illumination body. Then 

limt^odj }^*'^ 2 ^^^ = as{K). 
t^ 

wheredn=2 

For the proof of Theorem 3 we need several Lemmas. The basic idea of the 
proof is as in [S-W]. 
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Lemma 5 

Let K and L be two eonvex bodies in i?" such that 0 S int{L) and L C K. 
Then 

\K\ -\L\ = - [ <x, Nix) > (1 - 

nJdK Ikll 

where xl = [0,a;] H dL and /i is the usual surface measure on dK. 

(li) 

\K\ -\L\ = - [ <x, Nix) > ((^)" - ^)d^rix), 

nJdL IfII 

where xk is the intersection of the half-line from 0 through x with dK and fr is 
the usual surface measure on dL. 

The proof of Lemma 5 is standard. 


For X e dK denote by r(a:) the radius of the biggest Euclidean ball contained 
in K that touches dK at x. More precisely 

rix) = max{r : x S Biy,r) C K for some y G K}. 


Remark 

It was shown in [S-W] that 
(i)If B C K, then 


(ii) 


fj,{x G dK : rix) > /?} > (1 — /?)" ^vol„_i(9iF) 



r(x) < oo 


for all a, 0 < a < 1 


Lemma 6 

Suppose 0 
for all t > 0 


is in the interior of K. Then we have for all x with rix) > 0 and 


ni\B\ - \Bt\) 


< gix), 


where gix)dfj,ix) < oo. 

xt = [t),x\f^dK if Kt C K. xt is the intersection of the half-line from 0 through 
X with dKt if K C Kt. 
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Lemma 7 Let xt be as in Lemma 6. Then 

<x,iVW>(i-(|f)") 

lim--—— - exists a.e. 

t^o n{\B\-\Bt\) 

and is equal to 
- 

(i) — if the indicatrix of Dupin at x £ dK is an {n — 1)-dimensional 

sphere with radius yjp{x). 

(a) 0, if the indicatrix of Dupin at x is an elliptic cylinder. 


Remark 

(i) r{x) > 0 a.e. [S-W] and the indicatrix of Dupin exists a.e. [L2] and is an 
ellipsoid or an elliptic cylinder. 

(ii) If the indicatrix is an ellipsoid, we can reduce this case to the case of a 
sphere by an affine transformation with determinant 1 (see [S-W]). 


Proof of Theorem 3 

We may assume that 0 is in the interior of K. By Lemma 5 and with the 
notations of Lemma 6 we have 

\K\-\KA 1 f <x,N{x)>{l-{\\^r)^ ^ ^ 

\B\-\B,\ nJoK \B\-\Bt\ 

By Lemma 6 and the Remark preceding it, the functions under the integral 
sign are bounded uniformly in t by an L^-function and by Lemma 7 they are 
converging pointwise a.e. We apply Lebesgue’s convergence theorem. 


Proof of Lemma 6 

Let X e dK such that r{x) > 0. We consider the proof in the case of 
Definition 1' and of Definition 1 in the case where Kt C K for all t > 0. The 
case of Definition 1 where K C Kt for alH > 0 is treated in a similar way. 

As llccjl > Ijxtll, we have for all t 

i<x,fV(x)>(l-(M)")< <^,iv(^)>||^ _^,|| (1) 

Put r{x) = r, X — r{x)N{x) = z and < ^^,N{x) >= cos6. 

We can assume that there is an a > 0 such that 

Bi0,a) CK C B(0,-), 
a 
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( 2 ) 



and hence 


COS0||x — XtW < —. 

a 

Let e > 0 be given. By Remark 2 (ii) there exists ti such that for all t < ti 

r{l - + e)) < frit) < r(l - ^ ~ - e)). (3) 

'pn + l 7-n + l 

Let to be such that Cto < ti. By Definition 1, (i) /i(t) is decreasing in t, hence 
we have for all t > to 

flit) < fi{to) 

and thus for all t > to with (1) and (2) 

n{\B\-\Bt\) - a\B\{l - {Mto)r)- 

Therefore the expression in question is bounded by a constant in this case and 
hence integrable. It remains to consider the case when t < to- 

a) Suppose first that 

||a; —a;t|| < r cosO. 


For B(z,r) we construct the corresponding inner body {B{z,r))s such that Xt 
is a boundary point of {B{z,r))s- By Definition 1 (iii) {B{z,r))s is a Euclidean 
ball with center z and radius /r(s). As Xt is a boundary point of {B{z, r))s, 

r{l I ^ r(l (4) 

r J .2 — 2r 

The last inequality holds by assumption a). 

So far the arguments are the same for Definiton 1 and Definition V. From now 
on they differ slightly. 

By Definition 1 (iv) s < Ct, hence by monotonicity fr{s) > fr{Ct) and thus, as 
Ct < ti, with (3) 

j- n + 1 

which, using Definition 1 (iii) can be shown to be 

>r(l-(l + e)(C^+e)i^4^). (5) 

f n + 1 

We get from (4) and (5) 




||a; — a:t||cos0 r”+i 
2(1 + e)(C^^ + e) 


( 6 ) 
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Observe also that 


This inequality together with (1) and (6) shows that 

< > (l - (w)") 2(l + e)(C'^+e) n-i 

n{\B\-\Bt\) - \B\ 

And the latter is integrable by the Remark preceding Lemma 6. 

In the case of Definition V it follows from (iv)' and (v)' that s < t. For 
if not, then s > t, therefore by (iv)' {B{z,r))s C int(B(z,r))t and by (v)' 
int(B(z,r))t C int(ICt), which contradicts that x* G dKt n d{B{z,r))s. There¬ 
fore fr{s) > fr{t) and thus, as t < ti, with (3) 

j' n + l 


We then conclude as above. 


b) Now we consider the case when 


||a; —xt|| > r cos9. 


We choose a so small that Xt ^ 5(0, a). Let H be the hyperplane through 0 
orthogonal to x. Then the spherical cone C = [x,H C] 5(0, a)] is contained in 
K and xt G C. Let d = distance(xt, C). Then 


d= llx - xt| 


a 


(a2 


(7) 


Let w G [0,xt] such that ||xt — icH = Let B{w,R) C K he the biggest 
Euclidean ball with center w such that B{w, R) C K. Then dB{w, R)ndK ^ 0. 
Moreover R > d, which implies that Xt G B{w,R). Let {B{w,R))s be the 
corresponding inner ball such that Xt G d{B(w, R))s- 
Now we have to distinguish between Definiton 1 and 1'. 

By Definition 1, (iv) s < Ct. By monotonicity /fl(s) > fniCt) which, as above, 
is 

>5(l-(l + e)(C^+e) ^~y^ 

R — 

As R> d, the latter is 

> d{l — (1 -I- e)(C'”+i -I- e)-fn ^ ^)■ 

d«+i 
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On the other hand by construction Jr^s) = Therefore 


1 - flit) > -5-. 

2(l + e)(C'—+e) 

Note also that (2) implies that cos9 > Hence with (1), (2), (7) and assump¬ 
tion b) we get that 


<x,Nix) > (l-(^)") ^ 2{1 + jl + e)iC 


^ + l -|- 


\B\ - la 


6n —2 

\B\a ^+1 


e) -nui 

—L 'p n + l 


The case of Definition 1' is treated similarly and the above inequalities hold 
2 

true with (7=1 and C "+i -I- e = 1. 


Proof of Lemma 7 

We again consider the case when Kt C K for alH > 0 for Definition 1. The 
case K C Kt for alH > 0 for Definition 1 and the case of Definition V are done 
in a similar way (compare the proof of Lemma 6). 

As in the proof of Lemma 6 we can choose a > 0 such that 


Therefore 


H(0,a) CK C H(0,-). 

a 


1> <^,lV(x)> >0^. 


( 8 ) 


We put again cos6* =< j^,N{x) >. (1) holds, that is 


1 




< X, N{x) > 1 - (-n-n-)" ^ < Tr-n-> > lla^ - ^t\ 


Since x and Xt are colinear, 


kll = \\xt\\ + \\x-Xt\ 


and hence 
1 


< X, Nix) > ( 1 - (m)« ) = A < ^^Nix) > ( (1 - (1 - 


\\X - Xt\ 


> 


< > \\x-xt\\ ( 1 - fci 


\x - Xt\ 

Ikll 


(9) 
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for some constant fci, if we choose t sufficiently large. 

(i) Case where the indicatrix is an ellipsoid 
We have seen that then we can assume that the indicatrix is a Euclidean sphere. 
Let a/ p{x) be the radius of this sphere. We put p{x) = p and we introduce a 
coordinate system such that x = 0 and N{x) = (0,... 0, —1). Hq is the tangent 
hyperplane to dK in x = 0 and {Ha : a > 0} is the family of hyperplanes 
parallel to Hq that have non-empty intersection with K and are of distance a 
from Hq. For a > 0, H^ is the half-space generated by H^ that contains x = 0. 
For a G R, let Za = (0,... 0, a) and Ba = B{za,a) be the Euclidean ball with 
center Za and radius a. As in [W], for e: > 0 we can choose aQ so small that for 
all a < aQ 

Bp_, n iL+ c K n c Bp+, n iL+. 

We choose t so small that Xt G int(Bp-gnH^)(C int(Bp+g nH^)). For Bp+g we 
construct the corresponding inner body (Bp+e)s such that xt is a boundary point 
of (Bp+e)s- (Bp+e)s is a Euclidean ball with center Zp+e and radius /p+e(s). 
We have 


fp+e(s) = ((p + e)^ + ||x - Xtf - 2(p-h£)||x -xt||cos6»)2, 

p -I- e 

Definition 1, (v) implies that s > (1 — £)t, hence by monotonicity /p+e(s) < 
/p+e((l — £)t), which, for t small enough is (compare with the proof of Lemma 
6 ) 

< (P + ^)(1 “ (1 ~ ^2n )l 


(p + e)’ 


where k 2 is a constant. Thus 




|x — Xt I |cosP(p -|- e) "+i 
1 - k2£ 


Note that 


\B\ - \Bt\ = \B\{1 - < n\B\{l - hit)). 

Therefore with (9) 


<x,fV(x)> (l-(g)") 


^ /I ; , W^-^tW^ip + s) "+1 

> (1 - fc 2 e)(l - ki —n-n—)■ 


ni\B\ - \Bt\) \\x 

This is the lower bound for the expression in question. 


n\B\ 
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To get an upper bound we proceed similarily. For Bp-e we construct the 
corresponding inner body {Bp-e)s such that xt is a boundary point of {Bp-e)a. 
{Bp-e)s is a Euclidean ball with center Zp-e and radius fp-e(s). We have 

fp-e{s) = {{p-ef+ llx-xtf - 2{p - e)\\x - xt\\cose)i, 


< (p-e)(l 


||x-a:t||cos6> w, ,, \\x-xt\\cos0 \\x - Xt\\ 

p-s ^ 2{p-e)cose’^ ^ p-e ^ 2{p - e)cose"’^ 


for some constant k^, if t is small enough. Again by Definiton 1 (v) s < (1 +e)t 
and therefore fp-s{s) > fp-s{{l + e)t) which with arguments similar as before 
is 


> (P 


£)(1 - (1 + k4e) 


1 - h(t) 

(p-e)^ 


with a suitable constant k^. Thus 


i-/iW > 

||x-a;t||cos6» ||a:-a;t|| ^ ksWx - xt\\cos9 \\x - xt\\ 

l + tlE - — -<‘“2(p-e)cos9»‘'’-"> ■ 

( 10 ) 

Observe now that 

\B\ -\B,\ = |i?|(l - /rw) > n\B\il - /i(t))(l - ^(1 - hit))). (11) 

We choose t so small that 1 — /i(t) < This together with (1), (10) and 

(11) implies that 

<(r,7V((r)> (l-(g)") 

n{\B\-\Bt\) 

< 

1 + fc4£ (p —£)“"+T 

n-FUl _ \\=^-^t\\ Wi I /; 11=1^-01*1 lcosg /i_ \W-^t\\ ')') n\B\ 

O 2(p-£)COSe lO w «-3 (.1 2 (p-£)COS6iA ' ' 

Note that cosd > by (8). 

This finishes the proof of Lemma 7 in the case where the indicatrix is an ellipsoid. 
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(ii) Case where the indicatix of Dupin is an elliptic cylinder 
Recall that then we have to show that 


<a:,fV(x)> (l-(g)") 
n{\B\-\Bt\) 


= 0 . 


We can again assume (see [S-W]) that the indicatrix is a spherical cylinder i.e. 
the product of a /c-dimensional plane and a n — fc — 1 dimensional Euclidean 
sphere of radius p. We can moreover assume that p is arbitrarily large (see also 
[S-W]). 

By Lemma 9 of [S-W] we then have for sufficiently small a and some £ > 0 


Bp-e n i/+ c iL n i/+. 

Using similar methods, this implies that 


<a:,fV(x)> (l-(g)") 

lim --;-; T"- — 

t -0 n{\B\ - \Bt\) 


= 0 . 


14 



References 


[B] W. Blaschke: Vorlesungen iiber DifTerentialgeometrie II: Affine Dif- 

ferentialgeometrie Springer Verlag (1923) 

[Gr] P. Gruber: Aspects of approximation of convex bodies, Handbook of 

Gonvex Geometry, vol.A(1993), 321-345, North Holland. 

[K] K. Kiener: Extremalitat von Ellipsoiden und die Faltungsungleichung 

von Sobolev, Arch. Math. 46 (1986), 162-168 

[LI] K. Leichtweiss: Zur Affinoberflache konvexer Korper, Manuscripta 
Mathematica 56 (1986), 429-464. 

[L2] K. Leichtweiss: Uber ein Formel Blaschkes zur Affinoberflache, Studia 
Scient. Math. Hung. 21 (1986), 453-474. 

[Lu] E. Lutwak: Extended affine surface area, Adv. in Math. 85 (1991), 
39-68. 

[Lu-0] E. Lutwak, V.Oliker: On the regularity of solutions to a generalization 
of the Minkowski problem, J. Differential Geometry,vol.41 (1995), 
227-246. 

[M-W] M. Meyer, E. Werner: The Santalo-regions of a convex body, preprint 

[Schm] M. Schmuckenschlager: The distribution function of the convolution 
square of a convex symmetric body in i?", Israel Journal of Math. 78 
(1992), 309-334 

[S] G. Schiitt: Floating body. Illumination body, and polytopal approxi¬ 

mation, preprint 

[S-W] G. Schiitt, E. Werner: The convex floating body. Math. Scand. 66 
(1990), 275-290. 

[W] E.Werner: Illumination bodies and affine surface area, Studia 

Math.llO (1994 ), 257-269 . 


15 



Elisabeth Werner 
Department of Mathematics 
Case Western Reserve University 
Cleveland, Ohio 44106, U.S.A. 
e-mail: emw2@po.cwru.edu 
and 

Universite de Lille 1 

Ufr de Mathematique 

59655 Villeneuve d’Ascq, France 


16 



